SHARPENING AND GENERALIZATIONS OF SHAFER'S 
INEQUALITY FOR THE ARC TANGENT FUNCTION 



FENG QI AND BAI-NI GUO 



Abstract. In this paper, we sharpen and generalize Shafer's inequality for 
the arc tangent function. From this, some known results are refined. 



1. Introduction and main results 
In [8], the following elementary problem was posed: Show that for x > 

arctanx > ' (1) 

i + 2\/rT^2 

In [9], the following three proofs for the inequality (1) were provided. 
Solution by Grinstein: Direct computation gives 

\2 



dF(x) _ (VI + x 2 - 1) 



where 



(l + x 2 )(l + 2Vl + x 2 Y 
3.r 



F(x) = arctanx 



1 + 2VTT. 



Now d is positive for all x ^ 0, whence F(x) is an increasing function. 
Since F(0) = 0, it follows that F(x) > for x > 0. 
Solution by Marsh: It follows from (cos^> — l) 2 > that 

^ 3 + 6 cos 4> 



(cos(/) + 2) 2 ' 

The desired result is obtained directly upon integration of the latter in- 
equality with respect to <f> from to arctanx for x > 0. 
Solution by Konhauser: The substitution x = tany transforms the given 
inequality into y > 2+ms y > wn i cn i s a special case of an inequality discussed 
on [4, pp. 105-106]. 

It may be worthwhile to note that the inequality (1) is not collected in the 
authorized monograph [2] and [3] . 

In [2, pp. 288-289], the following inequalities for the arc tangent function are 
collected: 

2x 

arctanx < , (2) 

i + VTT^ 
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X 



1 + X 2 

y3 



< arctana; < x, (3) 



x — < arctana; < x, (4) 

o 

— ln(l + x 2 ) < arctana; < (1 + x) ln(l + x), (5) 

where x > 0. 

The aim of this paper is to sharpen and generalize inequalities (1) and (2). 
Our results may be stated as the following theorems. 

Theorem 1. For x > 0, let 



(a + Vl + x 2 ) arctan x 

fa{x) = ~ , (6) 

X 

where a is a real number. 

(1) When a < — 1 or < a < |, the function f a {x) is strictly increasing on 
(0,oo); 

(2) When a > —, the function f a (x) is strictly decreasing on (0,oo); 

(3) When \ < a < f , the function f a {x) has a unique minimum on (0, oo). 

As direct consequences of Theorem 1, the following inequalities may be derived. 

Theorem 2. For < a < \, 

(1 + a)x (tt/2)x , , 

< arctanx < y ' ' x > 0. (7) 



a + \/l + X 2 a + y/l + x 



For \ < a < - , 

2 7T ' 



4a(l-a 2 )x max{(7r/2), 1 + a}x 

' < arctana; < u / ; ' — , x > 0. (8) 



a + Vl + x 2 a + Vl + x 2 



For a > — , the inequality (7) is reversed. 

Moreover, the constants 1 + a and ^ in inequalities (7) and (8) are the best 
possible. 

2. Remarks 

Before proving our theorems, we are about to give several remarks on them. 

Remark 1. The inequality (1) is the special case a = \ of the left-hand side in- 
equality in (7). 

Remark 2. The inequality (2) is the special case a = 1 of the reversed version of 
the left hand-side inequality in (7). 

Remark 3. The inequality (2) is better than (5). If taking a = — in (7), then 

7r2 ' r (n + 2)x 

- < arctana; < — , x > 0. (9) 



2 + 2-Ky/l + x 2 2 + ttVTT 



This double inequality refines corresponding ones in (1), (2), (3), (4) and (5). 

Remark 4. The substitution x = tany may transform inequalities in (7) and (8) 
into some trigonometric inequalities. 

Remark 5. The approach below used in the proofs of Theorem 1 and Theorem 2 
has been employed in [1, 5, 6, 7]. 
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3. Proofs of theorems 
Now we are in a position to prove our theorems. 
Proof of Theorem 1. Direct calculation gives 



fa{x)= (l + x*)(l + aVT+^) 



x 2 (l + x 2 ) 



3/2 



x + x 3 + ax\/l + x 



(1 + x 2 ) (1 + aVl + x 2 ) 



2 

— arctan x 



(l + x^ll + aVTT^ 2 ) , , 
-9a{x), 



x 2 (l + x 2 ) 



3/2 



i 2 (2aVi 2 + 1 + a - Vx 2 + 1 ) 
9a\ x ) ' TTTTZ , T5 

(x 2 + l) 3/2 (aVx^TT + 1) 



(s 2 + l) 3/2 (aV^TT + 1)' 
and the function h a [x) has two zeros 



, , 1 + V9 + 8x 2 . . , -1 + V9 + 8x 2 
ai(x) = , — and 02(2;) 



4a/1 + x 2 4vT + x 



2 



Further differentiation yields 



and 



x(l + x/9 + 8^) 

a (x) = - ; — ; > 

1V 4(l + x 2 ) 3 /V9 + 8x 2 

x(V9 + 8x^ -1) 

aUx) = ^ - — ' > 0. 

4(l + x 2 ) 3 /V9 + 8x 2 

This means that the functions a\(x) and 02 (x) are increasing on (0, 00). From 
lim ai(x) = — 1, lim ai(x) = 

a;— >0+ x^oc 2 

lim 02(a) = i lim a 2 (x) = 

x^0+ Z x^oo I 

it follows that 

(1) when a < — 1 or a > ^p, the derivative g' a (x) is negative and the function 
g a (x) is strictly decreasing on (0, 00). From 

1 7T 

lim g a (x) = and lim g a (x) = -, (10) 

it is deduced that g a {x) < on (0, 00). Accordingly, 

(a) when a < — 1, the derivative f' a (x) > and the function f a (x) is 
strictly increasing on (0,oo); 

(b) when a > the derivative f' a {x) is negative and the function f a (x) 
is strictly decreasing on (0, 00). 

(2) when g > a > 0, the derivative g' a (x) is positive and the function g a (x) is 
increasing on (0, 00). By (10), it follows that the function g a (x) is positive 
on (0,oo). Thus, the derivative f' a {x) is positive and the function f a {x) is 
strictly increasing on (0, 00). 
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(3) when h < a < the derivative g' a (x) has a unique zero which is a 
minimum of g a (x) on (0, oo). Hence, by the second limit in (10), it may be 
deduced that 

(a) when — < a < ^Q-, the function g a (x) is negative on (0, oo), so the 
derivative f' a {x) is also negative and the function f a (x) is strictly de- 
creasing on (0, oo); 

(b) when ^ < a < the function g a (x) has a unique zero which is also 
a unique zero of the derivative f' a (x) , and so the function f a (x) has a 
unique minimum of the function f a {x) on (0, oo). 

The proof of Theorem 1 is complete. □ 

Proof of Theorem 2. Direct calculation yields 

7T 

lim f a (x) = 1 + a and lim / a (x) = — . 

By the increasing monotonicity in Theorem 1, it follows that 1 + a < f a (x) < \ 
for < a < |, which can be rewritten as (7). Similarly, the reversed version of the 
inequality (7) and the right-hand side inequality in (8) can be procured. 

When i < a < ^, the unique minimum point Xo G (0, oo) of the function f a (x) 

satisfies 

x Q + xl + ax yjl + xl 

arctanxo — 



(1 + ag) (1 + a^T+xJ) ' 
and so the minimum of f a {x) on (0, oo) is 



fa(x ) 



x + Xq + ax yfl + Xq a + y/l 



(l+x2)(l+ av /l+x2) XO 

(a + y/l + x\ ) (1 + x\ + ay/1 + x 2 ) 

(l + xl)(l + ay/l + xl) 
{a + uf 



u(l + an) 
> 4<x(l - a 2 ) 



,.2 



G (l,oo) 



as a result, the left-hand side inequality in (8) follows. The proof of Theorem 2 is 
complete. □ 
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